4.3
Modulus and Conjugate

Learning Objectives:

e Todefine the modulus of a complex number and to study

their properties
AND

e To practice the related problems

The modulus of a complex number z = x + iy, denoted

by |z|, is defined to be the nonnegative real number
|z| = x?% + y?

Example: Findthe modulus of the complex number
s P ]

The modulusis given by

|z| = (2% + (-3)2 = V13

The complex conjugate of the complex numberz = x + iy
is given by Z = x — iy. Its modulus is given by

2] = {22 + ()2 = Jx2 + y2 = |2]
Both a complex number and its conjugate has the same

modulus,

The product zz of a complex number and its conjugate is
|z|?.

zZ=@x+iy)x—iy) =x*— (iy)> =x% +y? = |z|?



The multiplicative inverse of a complex numberz # 0 is

denoted by z 71, sothat zz7! =

T .. X1y e B B

e e — = -+t
xHiy (x+iyvi{x—iy) x2+y2 v2+y2

1
z ol
Z

The multiplicativeinverse can also be written as
——

7 —yn " u
|z|*

The modulus of product of two complex numbers is the

product of their moduli.

12,2,| = |z4]lz,] ... (1)

This property also appliesto division.

5| _ =l
zo|l |zl s (2)
Example: Verify the property |z;z,| = |z;||z,| holds for

the productofz; = 3+ 2iand z, = —1 — 4i.

Solution:

1z12,| = (3 + 2i)(—1 —4i)| = |5 — 14i]

=J(5)2 + (-14)2 =221
|z, = Y (3)2 + (2)2 = V13

2] = /(D2 + (—4)? =17

Hence lzillzs] =137 =221 = |z:25)



Pl:

Express (1 —i)*inthe form of x + iy.



Solution:

We have,
(L—i)"= 00 -1 =1 = (1L =21 3% — 28 L§%)
— (=2i)(-2i) = 4i* = -4



P2:

1 I

Find [om2 ~ G—oel’




Solution:

1
(2+i)2

1
(2-1)?

o (2—i)2—(2+i)°

[(2+i)(2—1)]2

| -—si
(4+1)2




P3:

24111 ElI]dE . —2+1
25 27 (1-2{)2

Show that z; = are conjugate to each

other.



Solution:

24111 5, —2+1
P2 T (p—20)2

We have, z; =

s s - - . |

27 (1-2i)2 144i2-4i 1-4-4i
| —2+i 3441 6—-8i—3i+4i®
- —3—-4i © —-3+4i = 9-16i2

6—8i—3i—4 2111 -
9+16 23

Therefore, z; and z, are conjugate to each other.



P4:

iz = = then find |z]?.

1+cos@+isin®@’




Solution:

We have, z

— Z

= Z

= Z

= Z

- 1 (1+cos@)—isinf
" (1+cos 8)+isin@ * (1+cosB@)—isin 6

(1+cos8)—isinf (1+cos 8 )—isin @

(14cos 8)2—i2sin2@  1+cos2 B8+2 cosH+sin2 @

(1+cos 8 )—isin @ _ (1+cos8)-isinf
1+cos? @+sin?2 8+2cos 1+1+2 cos &

(1+cosB)—isinf  (1+cos @) i sin @
2(1+cos ) - 2(l1+cos @) 2(1+cosf)

1 sin &

T !
2 2(ltcos@)

1 n sin’ @ o juil (:L+ca::52 642 cos 8 +sin” ﬂ)
4  4(1+cosB8)2 4 (1+cos g )2

1 (E[1+cc=5 EJ]) . 1

4 \(1+cos8)2/)  2(1+cos®)



IP1:

2431, :
Express RETTRET L the form of x + iy.
Solution:
We have, 2+3i 2+3i 2431

(7—i)(4+2i) 28+10i—2i2  30+10i
I (E+3:‘) 't (2+3z‘ XE_E)
3 \EEL S ABNEEE 7 9

g B (5+?f—3:‘2) - (9+Ff)
10\ 9-i2 10 \ 10
9+7i
100




IP2:

Zg+EZ2+1

if iz = 2—L#gs =141, Hind

Solution:

Wehave,z; =2 —1,z, =1 +1i

- - -

Z1+t2,+1 . -
2—21 1—1i |1—i] 2

‘E—i+1+f+1
2—i—1—i+1




IP3:

. . 2—i
Find the complex conjugate of TN
— &
Solution:
2—i  2-i
(1—-2i)2 1+4i2—44
= X—3+4f_—6+115—41'2
d—g—4i  =3=41 =3+41  9—1ni2
| —6+11i+4  —2+11i 2 4 111_
O s 3%, 0 9% g
Therefore,
the conjugate of 21 — the conjugate of : +Mi
JUg (1—-2i)2 JUE 25 g5
2 11



IP4:

v 5+3i
3+4/5i

Find the multiplicative inverse of

Solution:

\V5+3i V5431 3—V5i
letl: 22— — = =K =
34+4/51 3+4/51 3— D1

34/5—5i4+9i—34/5i2 . 3+/54+4i+345

9—572 09+5

64/ 5+ 41 - 345421

14 7
345421
L= —
7
_ 34/5-21 345 —2i —
N E_l _Zz _ 2 _ = :31,5—21
’ 2|2 fa5 4 lag 7



1.Ifz=x + iy, then prove

= ,1:2—}*2 . 2xXy
i > 5 e |
Z x2 +y2 xZEy2




2. Express (5 — 3i)® in the form x + iy.



3. Find the multiplicative inverse of 2 — 3i.



5442 . .
— inthe form x + iy
1—142

4, Express



4.4
Complex Plane

Learning Objectives:

e Tostudy the representation of complex numbers

e Todefinethe argument of a complexnumber and to study
its properties
AND

e To practice the related problems

The complex number x + iy may be represented

graphically by the point P whose rectangular coordinates

are (x,v).

The point O, having the coordinates (0,0), represents the
complex number 0 4+ 0i = 0. All points on the x-axis have
coordinates of the form (x, 0) and correspond to real
numbers x + 0i = x. Forthis reason, the x-axis is called
the axis of reals or real axis. All points on the y-axis have
coordinates of the form (0, y) and correspond to
imaginary numbers 0 + iy = iy. The y-axis is called the
axis of imaginaries or imaginary axis. The plane on which
the complex numbers are assigned to each of its pointsis
calledthe complex plane.



In additionto representing a complex number by a pointP
onthe complex plane, the number may be represented by

the directed line segment OP. The directed line segment

OP is also called vector OP.
‘Y

X+ y

— §

Let z; = x; +1y; and z, = x, + iy, be two complex
numbers. We add these two numbers by using the

parallelogramlaw of vectors.

)

X

We can also obtain the difference z; — z, of the two
complex numbers by applyingthe law of parallelogramto

z; and —z.




In the figure below, the vector OR gives the sum z; + z,

and the vector OS gives the difference z; — z,.

It is noted that the segments OS and P, P, are equal. P, P,
is the other diagonal of the parallelogram OP,RP;.

Modulus and Argument

The modulus of the complex number z = x + iy is
M-’x2 + y2 and itisthe distance of the corresponding point
from the originin the complex plane.

The argument of the complex number z is denoted by

arg z and is defined as

argz — tan™ ! (i)

X

It can be seen that argz is the angle that the line joining
the origin to z on the complex plane makes with the
positive x-axis. The anticlockwise direction is taken to be

positive by convention.

Example: Find the argument of the complex number
7z = 2+—31;

The argument is given by
ares=tan (— g)

The two angles whose tangent equal —1.5 are in second

and fourth quadrants.



The argument of the product of two complex numbers is
equal to the sum of the arguments of the complex
numbers.

arg(z,z,) = argz, +argz, .. (1)

Similarly, the argument of quotient of two complex
numbersis equal to the difference of their arguments.

£1

) —argz, —argz,
Z32

arg (

We now examine the effect on a complex number z of
multiplying it by +1 and by +i. These four multipliers
have modulus unity. From property |z,z,| = |z{]|2,|, it
follows that multiplying z by another complex number of
unit modulus gives a product with the same modulus as z.
We can also see from equation (1) that if we multiply z by
a complex number then the argument of the productis the
sum of the argument of z and the argument of the
multiplier.



Hence multiplying z by unity (which has argument zero)
leaves z unchanged in both modulus and argument, that
is, Z is completely unaltered by the operation. Multiplying
z by -1 (which has argument ) leads to rotation, through
an angle of m, of the line joining the origin to z in the
complex plane. Similarly, multiplication by i or —i leads to

correspondingrotations of /2 or -1/2 respectively.

Example: Using the geometrical interpretation
multiplication by i, find the product of i(1 —i).

The complex number 1 — i has argument -t/4 and
modulus 2 . Its product with i has argument +m/4 and
unchanged modulus v/2. The complex number with

modulus /2 and argument +1t/4is 1 + i and so
i(1—i)=1+1i

Of course, this can be easily verified by direct
multiplication.

Complex Conjugate

The complex conjugate of a complexnumberz = x + iy s
Z = x — 1y. Complex conjugation corresponds to a
reflection of z in the real axis of the complex plane, as
shown below.

I=x+iy

*r=x—iy



P1:

3

Find the modulus and argument of the complex number e



Solution:

I1] i
The modulus c:—f— IS ‘ = —
141 |1+i!| V2
1 1 1—i - & ¥ 9
GIUEH—:—}(—: = — = - — -1
141 1+1i 1—1 1—i2 2 2 ?

Since the argument of x + iy is tan™* ( , the argument of

%—%i SR 1) = —n T =

e
g o



P2:

If z is a non-zero complex number, then find argz .



Solution:
Given, z is a non-zero complex number.

Then zZ = |z|? # 0 and |z|? is positive real number.

_ _ L 0
Now, argz + argz = arg zz = arg|z|? = tan™? ( — 2) = {)
xZ+y

~argz = —argz
Note:

If zisa non-zero complex number, then argz + argz — 0.



P3:

|f g and g are respectively the arguments of z; and z,, then

find the value of arg (i)

Z3



Solution:

Given, arg(z;) =7 and arg(;) = | = arg(z;) = —
Zq T T 3
~ arg(2) = arg(z;) —arg(z) =S +5 =



P4:

Find the real numbers x and y if (x — iy)(3 + 5i) isthe
conjugate of —6 — 241 .



Solution:

We have, (x — iy)(3 + 5i) = 3x + 5xi — 3yi — 5yi?
= 3% - bxi— 3yi.+ by
= (3x + 5y) + (5x — 3y)i

It is given that (x — iy) (3 + 5i) is the conjugate of —6 — 241.

W (x —iy)(3450) = (—6 — 241)
= (3x+5y) + (5x —3y)i = —6 + 24i
Equatingreal and imaginary parts, we get
=5 3x%-1.5y = —6 and 5x —3y = 24

Solving the above equations, weget x =3 and y = —3.



IP1:

1+12

Find the modulus and argument of the complex number =

Solution:
; 141 FEL  ddi I i £ 2i :
Given, — = — X — = — = — =
1—1 1—1 141 1—i12 2

Therefore the modulus of i is 1.

Since the argument of x + iy is tan™? (1), the argument of [ is

X
_ 1 T
tan~ 2 (—) =
0 2



IP2:
ke
5
of arg(z,z,).

If — and gare the arguments of z; and z,, then find the value

Solution:

Given, arg(;) = T and arg(z,) =~

letz; =&y + 1)

e 21 — xl — I'yl

> Argument of Z; = tan™! (—ﬁ)
.\..:1
. S 7 T i T
Given, tan™? (—}—1) — T 5 _tan? (&) s
Atk ! T T
= tan ™! (ﬂ) = ——=arg(z;) = —-

T T —3+5m 21
o arg(z,z,) = arg(z,) + arg(z,) = ) + 3 15 15




IP3:

If z;, = —1 and z, = I, find the value of arg(?).
2

Solution:

We have, z; = —1 and z, =i

soarg (ﬂ) = arg (1) = arg(i) :E

Zo [



IP4:

Find real values of x and y for which the complex numbers
—3 +ix?yand x? + y + 4i are conjugate of each other.

Solution:

Since —3 + ix?yisthe conjugate of x% + y + 41,

—-3+ixty=(xZ+ y+4)
> -3 +ixly=(x*+y) —4i
Equatingreal and imaginary parts, we get
> -3=x2+y and x’y=—4

and X2y = -4y = — . (2)

x2

From (1) and (2), we get —3 = x? — -

x2

St L3450 6 AN 1) =0

Sx2+4=00r x*-1=0

T = U e B |

= x = +1 (since xisareal number)------ (3)
From (2) and (3), we get y = —4.

Hence,x = -1, y=—4 orx =1,y = —4.



1. Prove that

a.arg(z,z,) = argz; + argz,

b.arg (z—;) — argz; —argz,



